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MINIMAL SURFACES IN HYPERBOLIC 3-MANIFOLDS
BARIS COSKUNUZER
ABSTRACT. In this paper, we show the existence of smoothly embed-
ded closed minimal surfaces in infinite volume hyperbolic 3-manifolds
except some special cases.
1. INTRODUCTION
The existence of minimal surfaces in general 3-manifolds is one of the
classical problems of geometric analysis. There has been numerous foun-
dational results on the existence of closed embedded minimal surfaces in
compact 3-manifolds, or positive curvature case. By [Pi], every closed 3-
manifold contains a smooth, embedded, closed minimal surface. By geo-
metric measure theory [Fe], we know that for any compact manifold, there
exists an area minimizing surface in every homology class. By [MSY], it
is known that every isotopy class contains a minimal surface in such man-
ifolds. Furthermore, by [MSY] and many others, it is also known the exis-
tence of minimal surfaces in positive curvature case.
For the negative curvature case, the situation is highly different. Even in
the constant negative curvature (hyperbolic) case, the answer is unknown.
Question 1.1. Which complete hyperbolic 3-manifolds contain a smoothly
embedded closed minimal surface?
Hyperbolic 3-manifolds
Infinite Volume
Geom. Infinite
Bounded Geom.
Unbounded Geom.
Geom. Finite
Finite Volume
Closed Manifolds
Cusped Manifolds
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In the tree diagram above, green boxes represent known cases, and the
red boxes represent the unknown cases for the existence problem. Note that
for some trivial cases likeM = H3,M contains no closed minimal surface
by maximum principle. In this paper, we answer the question by dealing
with all red boxes except some special cases listed below.
The summary of the known cases (green boxes) is as follows: For closed
hyperbolic 3-manifolds, Almgren-Pitts min-max theory [Pi] gives a positive
answer. For noncompact hyperbolic 3-manifolds, there are 2 cases: Finite
volume, and infinite volume. Recently, Rosenberg et al have showed the
existence of minimal surfaces in finite volume noncompact hyperbolic 3-
manifolds [CHMR, HW2, CL], and finished this case. Hence, the remaining
case is the infinite volume hyperbolic 3-manifolds.
Infinite volume complete hyperbolic 3-manifolds can be divided into two
classes: Geometrically finite and geometrically infinite. The class of the
manifold is determined by its ends. In particular, ifM is an infinite volume
hyperbolic 3-manifold, then there is a compact codimension-0 submanifold
CM , compact core, where M ≃ int(CM ) (See Figure 1). Then, the ends
of M can be thought as the components of M − CM (assuming no cusps).
Hence, if ∂CM = S1∪ ...∪Sk, then each end Ei ≃ Si× (0,∞) by Marden’s
Tameness Conjecture [Ag, CG].
We call an end Ei geometrically finite, if Si can be chosen convex surface,
and Ei can be foliated by equidistant surfaces {S
t
i}. The geometry of these
ends are very simple, as the equidistant surfaces from ∂CM in M − CM
are convex surfaces flaring out to infinity. This is why this case is called
geometrically finite. If all ends of M is geometrically finite, then we call
the manifold M is geometrically finite. Equivalently, M is geometrically
finite if the convex core C(M) has finite volume. Otherwise, we call M is
geometrically infinite, i.e if there exists an end which is not geometrically
finite. The existence of minimal surfaces in the geometrically finite case
is straightforward as the area minimizing representative of any homology
class must stay in the compact convex core.
Therefore, the interesting case is when M contains a geometrically infi-
nite end. In this case, the convex core is no longer compact, and contains
all the geometrically infinite ends. The reason why this case is subtle is that
the area minimizing sequence of surfaces can escape to infinity. Hence, the
standard techniques do not apply here.
There are two classes of geometrically infinite ends: Bounded geometry
and unbounded geometry. We call an end Ei has bounded geometry if there
is a positive lower bound for injectivity radius. We call an end Ei has un-
bounded geometry otherwise. The crucial distinction between bounded and
unbounded geometry is that in the ends with unbounded geometry, there
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exists a sequence of short geodesics {αn} where |αn| ց 0 and αn escapes
to infinity.
Before stating our main result, we need to define exceptional manifolds:
• Type I: M is a product manifold with bounded geometry, i.e. M ≃
S × R for some closed surface of genus ≥ 2.
• Type II: Every end ofM is geometrically infinite end with bounded
geometry, andM has exactly one cusp.
• Type III:M has exactly one end, and H2(M) is trivial.
Theorem 1.2. LetM be a complete hyperbolic 3-manifold with finitely gen-
erated fundamental group. Then, if M is not an exceptional manifold as
listed above,M contains a smoothly embedded closed minimal surface.
Outline of the Proof: The main problem in these manifolds is that the area
minimizing sequence of surfaces might escape to infinity, and give an empty
limit. In this paper, we will use various trapping techniques to construct a
minimal surface. In particular, we will trap the surface between two short
geodesics, or between two cusps, or between one cusp and convex surface.
When trapping does not work, we will use min-max methods.
Unbounded Geometry Case: Let E be an end with unbounded geometry.
We will trap a minimal surface between two short geodesics in E (Theorem
3.1). In particular, we will consider the area minimizing surface among
the surfaces separating two short geodesics α and β far out in the end.
When the geodesics are sufficiently short, then the Margulis tubes near the
geodesics becomes a barrier for area minimizing surfaces [Ha1, HW1]. This
means the area minimizing surface Σ in that class should be away from the
geodesics. Hence, Σ is a smoothly embedded stable minimal surface inM .
Bounded Geometry Case: In this case, we will use a completely different
strategy. In particular, if one of the ends have unbounded geometry, then we
can construct a minimal surface in the unbounded end as above. So, we will
assume every end ofM has bounded geometry (Theorem 4.2). In this case,
we will consider the area minimizing sequence of surfaces in each end. If
they are escaping to infinity in the end, we will construct a mean concave
surface in that end by using shrinkwrapping [CG]. If the area minimizing
surface does not escape to infinity in one end, and assuming M 6≃ S × R,
then by using the topology ofM , we can trap an area minimizing surface in
the homology class of that end in the compact part. If the area minimizing
sequence escapes to infinity in all ends, then we construct mean concave
surfaces Σi in each Ei so that we have a bounded domain Ω in M with
smooth mean concave boundary. Then, by using [Mo], we get a smoothly
embedded min-max surface T with T ∩ Ω 6= ∅. Hence, in this case we get
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an unstable minimal surface. In all other cases, we get a stable minimal sur-
face. Note that in each case, we will deal with the cusps by using different
techniques.
Exceptional Manifolds: As listed above, we have 3 exceptional families for
the existence question. In Type I, M is a product manifold with bounded
geometry, i.e. M ≃ S × R where S is a closed surface of genus ≥ 2. This
case is quite delicate, as one needs to rule out the existence of mean convex
foliation inM ≃ S × R. In Type II, every end has bounded geometry, and
M has exactly one cusp. The problem with this case is that we cannot use
min-maxmethod [Mo] because of the cusp. If there are more than one cusp,
we can construct the minimal surface by using other trapping techniques
(Lemma 4.1). Finally in Type III, we have examples like M = H3, and
Schottky manifolds. In these cases, since the topology of the manifold is
quite trivial, the area minimizationmethods do not work. Also, the structure
of the ends prevents the use of min-max methods.
In Section 5, we will discuss these exceptional manifolds, and show that
the proof of the main theorem covers several cases among exceptional man-
ifolds. Hence, we refine our main result with the terminology introduced in
this paper, and give the following corollary:
Corollary 1.3. Let M be a complete hyperbolic 3-manifold with finitely
generated fundamental group. Further assume that M is not one of the
following manifolds:
• Very Exceptional Product Manifold X1
• Very Exceptional Type II Manifold X2
• Exceptional Type III Manifold
Then, there exists a smoothly embedded minimal surface Σ inM .
Organization of the paper is as follows. In Section 2, we will give basic
definitions, and relevant results which will be used in the remainder of the
paper. First, in Section 3, we deal with the unbounded geometry case. Then,
in Section 4, we deal with the bounded geometry case, and prove the main
result. In Section 5, we will discuss the exceptional cases, and give some
refinements of the main result in these cases. In Section 6, we will recap
our results, and discuss further questions.
1.1. Acknowledgements. I would like to thank Yair Minsky, David Gabai
and Brian White for very valuable conversations.
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2. PRELIMINARIES
In this section, we will cover the basic definitions and the known results
on the problem.
2.1. Classification of Hyperbolic 3-Manifolds and Existence Results.
Throughout the paper, we will only deal with complete, orientable hyper-
bolic 3-manifolds with finitely generared fundamental group. To go over
the previous results on the existence of minimal surfaces, we will follow
the tree diagram in the introduction. For more details on the classification
of hyperbolic 3-manifolds, see the survey paper by Minsky [Mi].
Finite VolumeHyperbolic 3-manifolds: These are the hyperbolic 3-manifolds
with finite volume. These can be classified by compactness:
• Closed Manifolds: By foundational result of Almgren-Pitts min-
max theory [Pi], every closed Riemannianmanifold contains a smoothly
embedded minimal surface. The minimal surfaces obtained by this
method are unstable by construction. See also [MR]. On the other
hand, if M is Haken, one can obtain area minimizing surfaces in
the homology class of the incompressible surface [MSY, Ha2]. The
minimal surfaces obtained this way are stable.
• Cusped Manifolds: In the noncompact case, the finite volume hy-
perbolic 3-manifolds is homeomorphic to the interior of a compact
3-manifold where every boundary component is a torus. The ends of
these manifolds are called cusps. Cusps topologically a solid torus
where the core circle is removed.
Recently, Rosenberg et al showed that all these manifolds con-
tain a a minimal surface [CHMR] by using min-max methods. They
prove that minimal surfaces cannot go very deep in the cusps, hence
they obtain smoothly embedded closed minimal surfaces. Again,
these minimal surfaces are also unstable. Recently, Huang-Wang
obtained a similar result for such manifolds with different tech-
niques [HW2]. Their surfaces are least area in their homotopy class,
and hence stable.
Note also that recently, Chambers-Liokumovich obtained a very
general existence result for any finite volume noncompact 3-manifold
[CL] by generalizing Almgren-Pitts min-max techniques. Hence,
the minimal surfaces they obtain is unstable, too.
Infinite Volume Hyperbolic 3-manifolds: The classification of infinite
volume complete hyperbolic 3-manifolds are done by the geometry of the
ends [Th].
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Let M be a complete hyperbolic 3-manifold with infinite volume. Let
CM be a compact core ofM . In particular, CM is a compact codimension-0
subset of M where M is homeomorphic to interior of X . Then assuming
no cusps,M −CM =
⋃N
i=1 Ei where Ei ≃ Si× (0,∞) for some component
Si of ∂CM which is a closed surface of genus ≥ 2 [Ag, CG]. Here, we call
Ei an end of M (See Figure 1). The geometry of the ends {E1, E2, ..., En}
describes how complicated the manifold M is. Note that throughout the
paper, if M has cusps, we will not treat the cusp regions as an end of M ,
but we will call them cusps.
CM
M
E1
E2
E3
S1
S2
S3
FIGURE 1. M is an infite volume hyperbolic 3-manifold with 3
ends. The shaded region is the compact core CM .
An end Ei is geometrically finite end, if we can take the boundary com-
ponent Si ⊂ ∂CM convex, i.e. CM is in the convex side of Si. Geometrically
finite ends has very simple geometry, which can be foliated by equidistant
surfaces to Si. In particular, if S
t
i is the t-equidistant surface to Si in Ei,
then {Sti} foliates Ei where S
t
i is a convex surface whose area is increasing
exponentially in t.
If an end is not geometrically finite, we call it geometrically infinite end.
In particular, let C(M) be the convex core ofM which is the smallest convex
set in M whose inclusion C(M) →֒ M is a homotopy equivalence. An
equivalent definition is that Ei is geometrically infinite end in M if Ei ⊂
C(M). Hence, every component of M − C(M) is a geometrically finite
end.
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One crucial characteristics of geometrically infinite ends is that there ex-
ists a sequence of geodesics exiting the end. In other words, if Ei is geo-
metrically infinite end, then there exists a sequence of geodesics {αin} in Ei
such that αin →∞, i.e. α
i
n escapes every compact subset ofM [Bo].
Geometrically infinite ends are classified into two categories as follows:
Ignoring the cusps, if the geometrically infinite end Ei has positive injectiv-
ity radius, then we call Ei has bounded geometry. Otherwise, we call Ei has
unbounded geometry. One crucial property of the ends with unbounded ge-
ometry is that in such ends, we can choose the sequence of geodesics {αn}
exiting the ends such that ‖αn‖ ց 0 where ‖.‖ is the length. We call such
a sequence {αn} arbitrarily short geodesics.
Now, we are ready to continue to list the results in complete hyperbolic
3-manifolds with infinite volume.
• Geometrically FiniteManifolds: A complete hyperbolic 3-manifold
M is called geometrically finite if the convex core C(M) has fi-
nite volume. In other words, every end of M is a geometrically
finite end. In this case, assuming nontrivial H2(M), the existence
of a minimal surface in M is straightforward as follows. Consider
the area minimizing surface T in the nontrivial homology class of
ξ ∈ H2(M) [Ha2, Fe]. As any area minimizing surface in M must
stay in the convex core C(M), T ⊂ C(M). Since C(M) is compact,
T cannot escape to infinity. Hence, there exists a smoothly em-
bedded stable minimal surface T in M . Quasi-Fuchsian Manifolds
are examples of geometrically finite manifolds. Note that one can
also use the solutions of asymptotic Plateau problem in the univer-
sal coverH3 in order to get least area surface in suchM [An, Co2].
Notice that in this case, we are excluding some Type III Exceptional
Manifolds, e.g. Schottky Manifolds.
• Geometrically Infinite Manifolds with Bounded Geometry: We
call a complete hyperbolic 3-manifold M is geometrically infinite
with bounded geometry, ifM has a positive injectivity radius bound,
and geometrically infinite end. In other words, ignoring the cusps,
there exists ρ0 > 0 such that the shortest geodesic β in M has
length ‖β‖ > ρ0. In particular, M has a geometrically infinite end,
and every such end has bounded geometry. The infinite cover of a
mapping torus with pseudo-Anosov monodromy (Cannon-Thurston
manifolds) are examples of such manifolds [CT].
• Geometrically Infinite Manifolds with Unbounded Geometry:
We call a complete hyperbolic 3-manifoldM is geometrically infi-
nite with unbounded geometry, ifM has a geometrically infinite end
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with unbounded geometry. In particular,M a sequence of geodesics
{αn} which escapes every compact subset ofM and ‖αn‖ ց 0.
Hence, when the complete hyperbolic 3-manifoldsM are finite volume,
or geometrically finite, we have the existence results for minimal surfaces.
Hence, the only remaining cases for Question 1.1 are geometrically infinite
hyperbolic 3-manifolds.
2.2. Cusps and Margulis Tubes.
In this part, we will go over the basic definitions, and relevant results on
cusps and short geodesics in hyperbolic 3-manifolds. For further details,
see [BP].
Any finite volume, complete, non-compact hyperbolic 3-manifold M is
homeomorphic to the interior of a compact 3-manifold N where ∂N is a
collection of tori. In particular, the ends of a finite volume, complete hyper-
bolic 3-manifolds are homeomorphic to T 2× [0,∞). One can think of these
ends as a solid torus where the core circle is removed. Such ends are called
cusps. Informally, one can use the analogy between a punctured surface
with hyperbolic structure, where the end has S1 × [0,∞) structure near the
puncture (See Figure 2).
The geometry of the cusps are well understood, as they are generated by
parabolic isometries in the representation of the fundamental group of the
manifold. In particular, every cusp is foliated by constant mean curvature 1
tori, induced by the corresponding horospheres in the universal coverH3.
On the other hand, a similar structure is also true for neighborhoods of
sufficiently short geodesics inM . Let ǫ3 be theMargulis constant for hyper-
bolic 3-manifolds, which is known to be between 0.1 and 0.6. LetM[0,ǫ3) is
the part ofM where the injectivity radius is smaller than ǫ3. We callM[0,ǫ3)
is the thin part of M . By Margulis Lemma, the structure of the thin parts
γ1
γ2
X1
X2 X3
FIGURE 2. 2-dimensional analogous picture for Margulis Tubes
and Cusps. γ1 and γ2 short geodesics, and shaded regions repre-
sent Margulis Tubes and Cusps.
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of the hyperbolic 3-manifold is well understood. It is either homeomorphic
to T 2 × [0,∞) (cusp), or homeomorphic to a solid torus where the core
circle is a short geodesic (See Figure 2 for an analogous picture). These
solid torus neighborhoods Nr(γ) of short geodesics γ are called Margulis
Tubes. The diameter of the tubes depends on the length of the geodesic. In
particular, if length(γ)ց 0, then r ր∞. Their geometric structure is very
similar to the cusps. In a way, one can think of cusps as Margulis tubes for
”length 0 geodesics”.
Note that cusps and short geodesics can appear in not only finite volume
hyperbolic 3-manifolds, but also infinite volume hyperbolic 3-manifolds.
Even though cusps can topologically be considered as an end of the 3-
manifold, because of their very special structure, we will not call them an
end of the manifold, but we will call them cusps. Hence, when we say E
is an end of a hyperbolic 3-manifoldM , we always mean E ≃ S × [0,∞)
where S is a closed surface of genus ≥ 2.
Note also that even for a complete hyperbolic 3-manifoldM with finitely
generated fundamental group, there can be infinitely many components in
the thin part of M for every positive ǫ smaller than the Margulis constant
[BO]. However, Sullivan proved that a complete hyperbolic 3-manifold
M with finitely generated fundamental group has only finitely many cusps
[Su]. So, by choosing the compact core CM accordingly, we can assume
that there is no cusp region in the ends, i.e. Ei ≃ Si × [0,∞)
In [CHMR], the authors showed the following strong result about mini-
mal surfaces in cusp neighborhoods when proving the existence of minimal
surfaces in finite volume hyperbolic 3-manifolds. The following lemma
states that minimal surfaces in a hyperbolic 3-manifold cannot go very deep
in a cusp.
Lemma 2.1. [CHMR, Proposition 8] Let M be a complete hyperbolic 3-
manifold, and let X = T 2 × [0,∞) be a cusp in M . Let Σ be a closed
minimal surface in M . Then, there exists CX > 0 such that Σ ∩ T
2 ×
(CX ,∞) = ∅.
For different versions of the lemma above, see also [HW2, Theorem 5.9]
and [Ha1, Lemma 2.5].
On the other hand, we have a similar result for Margulis Tubes near short
geodesics. The following lemma states that area minimizing surfaces can-
not get very close to the core curve.
Lemma 2.2. [Ha1] [HW1, Corollary 3.6] Let M be a complete hyperbolic
3-manifold. Then, there exists a sufficiently small lM > 0 with the following
property: LetNr(γ) be the Margulis Tube of a geodesic γ with length(γ) <
lM . Let Σ be a closed area minimizing surface inM which does not link γ.
Then, there exists 0 < δγ < r such that Σ ∩Nδγ (γ) = ∅.
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In this lemma, ”Σ does not link γ” means that Σ and γ have representa-
tives Σ′, γ′ in their homotopy class so that Σ′ ∩ γ′ = ∅. Here, Hass proved
the above result indirectly by sending the length of the short geodesics to
0, where Margulis tubes of short geodesics converge to a cusp, and give a
contradiction. Also, in order to get the conditions for short geodesics in
[HW1, Corollary 3.6], one also needs [HW1, Corollary 5.2], too.
2.3. Shrinkwrapping.
Throughout the paper, we will frequently use shrinkwrapping technique
to obtain ”defective” minimal surfaces. The shrinkwrapping technique was
introduced by Calegari and Gabai in [CG] where they prove the celebrated
Marden’s Tameness Conjecture. A simpler version of this technique can
also be seen at [Co1].
In particular, shrinkwrapping is ”tightening” a given ”incompressible sur-
face” S outside of a finite collection of geodesic curves Γ in a hyperbolic
3-manifold. At the end of this ”tightening” process, one obtains an isotopy
of S into a ”defective minimal surface” T , where T is minimal except along
some curve segments along T ∩Γ. We call such a surface T Γ-minimal, i.e.
T is smooth with mean curvature 0 everywhere except T ∩ Γ. The geome-
try of the surface near these singular segments is also well-understoon along
the lines of thin obstacle problem. Here is the main technical result of [CG].
Lemma 2.3 (Shrinkwrapping). [CG, Theorem 1.10]
Let M be a complete, orientable hyperbolic 3-manifold, and let Γ be a
finite collection of pairwise disjoint simple closed geodesics inM . Further-
more, let S ⊂ M − Γ be a closed embedded 2-incompressible surface rel.
which separates some component of Γ from another. Then S is homotopic
to a Γ-minimal surface T via a homotopy F : S × [0, 1]→M such that
(1) F (S × 0) = S,
(2) F(S × t) = St is an embedding disjoint from for 0 ≤ t < 1,
(3) F (S × 1) = T ,
(4) if T ′ is any other surface with these properties, then area(T ) ≤
area(T ′)
Remark 2.4. In the original statement of above lemma, there is a cusp-free
assumption for M . However, after the recent proof of Lemma 2.1, there is
no need for such assumption, as it was recently shown that area minimizing
surfaces cannot go very deep in the cusps by area comparison arguments.
Remark 2.5. Note that [CG, Remark 1.33] gives a nice alternative proof of
the lemma above by using techniques of [HS], and the thin obstacle prob-
lem.
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Here, S is 2-incompressible relative to Γ if any essential compressing
disk for S intersects Γ at least twice. For further details on the structure
near T ∩ Γ, see [CG, Section 1.6 and 1.7].
On the other hand, getting such a set of geodesics Γ for a given surface
S in an end E is straightforward by [CG, Theorem 4.1] and [CG, Remark
4.2]. In particular, as a result of [CG], we know that every end of a com-
plete hyperbolic 3-manifold is homeomorphic to S×[0,∞) for some closed
surface S of genus ≥ 2 (Topological Tameness). By Bonahon’s result [Bo],
every end E contains a sequence of geodesics {αi} exiting the end E , i.e.
αi → ∞. By [CG, Remark 4.2], for sufficiently large i, we can find a
suitable finite subset Γi of {αi} such that Si = S × i is 2-incompressible
relative to Γi. In particular, we can ”shrinkwrap” any such level set Si in E
into a defective minimal surface Ti by Lemma 2.3 (See Figure 3).
M
S × 0
α1
S × 1 S ×m
T1
T2
Tm
E
M E
S × 2
FIGURE 3. By shrinkwrapping, we deform S × k into a Γ-
minimal surface Tk in the end E .
Before finishing our discussion on shrinkwrapping surfaces, we need to
give the regularity results near their ”defective” parts. As the lemma above
describes, the surface T is minimal except the coincidence set L := T ∩ Γ.
The behavior of T near L is well-understood, and it is called Thin Obstacle
Problem in the literature. The following lemma summarizes these regularity
results. For further details, see [CG, Section 1.7].
Lemma 2.6. [Thin Obstacle Problem] [CG, Lemma 1.31] Let T be a Γ-
minimal surface inM as described above. Then, there exists a parametriza-
tion of T with u : S → M such that the derivative du along local sheets of
T is continuous from each side along the coincidence set L, and continuous
at noninterior points.
Remark 2.7. Note that Calegari-Gabai needed a finer understanding of T
near coincidence set to prove T is indeed aCAT (−1) surface. In this paper,
we only need that T has tangent planes in both sides of coincidence sets,
which follows from the lemma above.
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2.4. Bounded Diameter Lemmas.
In this part, we will give two important lemmas about diameters of closed
minimal surfaces in hyperbolic 3-manifolds. The first one is about shrinkwrap-
ping surfaces and incompressible surfaces. The second lemma is about area
minimizing surfaces in a homology class.
First, we will show that diameter of a closed minimal surface S in a
hyperbolic 3-manifold M can be bounded by a constant depending on the
genus g of S. Furthermore, by [CG, Lemma 1.15], the result applies to
shrinkwrapped surfaces, too.
Lemma 2.8. [Bounded Diameter Lemma] LetM be a hyperbolic 3-manifold.
Let Γ be a disjoint collection of δ-separated embedded geodesics. Let
ρ0 > 0 be the injectivity radius ofM . If S ⊂ M − Γ is a 2-incompressible
Γ-minimal surface, then there is a constant C = C(g, ρ0, δ) ∈ R
+ such that
diam(S) ≤ C.
Proof: As S is 2-incompressible, for any point p ∈ S ∩ (M −M[0,ρ0)),
S contains an embedded ρ-disk Bρ(p) where ρ = min(ρ0/2, δ/2).
Notice that by Gauss’ Theorem, as S is a minimal surface, KS < KM =
where KM is the sectional curvature. Then, we have −
∫
S
KS ≥ area(S).
Then, by Gauss-Bonnet,
∫
S
KS = 2πχ(S) −
∫
∂S
κ dl where κ is the ge-
odesic curvature. By applying this to Bρ(p) in S, we get area(Bρ(p)) ≥
2π(cosh(ρ)− 1) ≥ πρ2.
Recall that for any closed minimal surface S in M , area(S) ≤ 2π(2g −
2) by Gauss-Bonnet where g is the genus. Then, let P be the maximal
collection of points in S which are 2ρ apart, and let Nρ be the number of
points in P . Then, we get Nρ · πρ
2 ≤ 2π(2g − 2), which gives an upper
bound for Nρ, i.e. Nρ ≤
4(g − 1)
ρ2
. Hence, we have diam(S) ≤ Nρ · 2ρ =
8(g − 1)
ρ
. The proof follows.
Remark 2.9. Note that the same proof works for any incompressible, closed,
embedded minimal surface S in a hyperbolic 3-manifoldM .
Now, we modify the proof of the above lemma for area minimizing sur-
faces in a homology class ofM . Notice that the main difference is that the
area minimizing representative may not be incompressible. The main ingre-
dients are Lackenby’s general bounded diameter result on closed minimal
surfaces in general 3-manifolds [La], and genus bound for stable minimal
surfaces in hyperbolic 3-manifolds [BD].
Lemma 2.10. Let M be a hyperbolic 3-manifold with inj(M) = ρ0 > 0.
Let S be an embedded closed surface with nontrivial homology, and let ξ be
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a homology class of S in M . If Σ is an area minimizing surface in ξ, then
there exist a constant C(ξ, ρ0) > 0 such that diam(Σi) ≤ C(ξ, ρ0).
Proof: By assumption, area(Σ) ≤ area(S). As Σ is area minimizing
in ξ, it is also stable. Then, by [BD, Lemma 3.3], we have π|χ(Σ)| ≤
area(Σ) ≤ 2π|χ(Σ)|. Hence, π|χ(Σ)| ≤ area(Σ) ≤ area(S) gives an upper
bound for |χ(Σ)| and the genus of Σ.
Furthermore, by [La, Proposition 6.1], diam(Σ) < |χ(Σ)|f(κ, ρ) where
ρ is the lower bound for injectivity radius, and κ < 0 is the upper bound for
the sectional curvature ofM . By above, we have an upper bound for χ(Σ).
Hence, we have diam(Σ) ≤ C = |χ(Σ)|f(κ, ρ). As κ = −1, and ρ = ρ0 in
our case, the constant C only depends on the homology class ξ, and ρ0, i.e.
C = C(ξ, ρ0). The proof follows.
2.5. Min-Max Surfaces in Non-Compact Manifolds.
In this section, we will give a recent min-max result which is the key in-
gredient to finish off a very important case in our main result. In particular,
Montezuma used Almgren-Pitts Min-Max Theory to construct embedded
minimal surfaces in non-compact manifolds. While his result is more gen-
eral, here we only give a shorter version which suffice for this paper.
Lemma 2.11. [Mo] Let N be a complete non-compact 3-manifold with
bounded geometry. If N contains a bounded open set Ω such that Ω is a
smooth strictly mean-concave boundary, then there exists a closed embed-
ded minimal surface Σ in N intersecting Ω.
Here bounded geometry means the ambient manifold has an upper bound
for sectional curvature, and a lower bound for the injectivity radius.
Remark 2.12. (NoMin-Max for CuspedManifolds)Wewill use above lemma
for hyperbolic 3-manifolds with bounded geometry. In case,M has a cusp,
M fails to have a lower bound for the injectivity radius. In the more gen-
eral version of the lemma above, Montezuma uses ⋆k-condition instead of
bounded geometry [Mo]. However, ⋆k-condition also fails for cusped mani-
folds as one goesR-distance deep inside a cusp, the injectivity radius of the
T 2 × {R} is ∼ e−R. However, to satisfy ⋆k-condition, one needs at most
R−1 injectivity radius bound for T 2 × {R}. Hence, Montezuma’s result
does not apply to hyperbolic 3-manifolds with cusps.
2.6. Area Minimizing Surfaces in 3-Manifolds.
In this section, we will quote famous existence results for area minimiz-
ing representatives in a homotopy or homology class. These results will
play crucial role in our construction. The first one is the celebrated result of
geometric measure theory.
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Lemma 2.13. [Fe, Ha2] Let M be a closed or mean convex compact ori-
entable 3-manifold. Let ξ be a nontrivial homology class in H2(M). Then
there exists a smoothly embedded surface Σ which has the smallest area
among the surfaces in ξ.
The second result is the existence of least area representative in a homo-
topy class by Meeks-Simon-Yau.
Lemma 2.14. [MSY] Let S be an embedded surface in a Riemannian 3-
manifold M . After series of compressions, isotopies, and collapsings of
boundaries of I-bundles to their cores, S can be realizes as a union (possi-
bly empty) of disjoint embedded minimal surfaces.
The third one is more specific version of the above result, i.e. least area
representatives of incompressible surfaces by Hass-Scott.
Lemma 2.15. [HS] LetM be a closed or mean convex compact orientable,
irreducible 3-manifold. Let S be an incompressible surface in M . Then,
there exists a smoothly embedded least area surface Σ in the isotopy class
of S.
Note that we quoted these results in a way which we are going to use in
the remainder of the paper. Some results that were stated for closed mani-
folds can be applied to compact mean convex manifolds by using maximum
principle [HS, Section 6].
3. GEOMETRICALLY INFINITE MANIFOLDS WITH UNBOUNDED
GEOMETRY
In this section, we will prove the existence of minimal surfaces in geo-
metrically infinite complete hyperbolic manifolds with unbounded geome-
try. As mentioned in the introduction, we will construct an area minimizing
surface in a restricted class in the end with unbounded geometry. Therefore,
the minimal surfaces we obtain will be stable.
Theorem 3.1. LetM be a complete hyperbolic 3-manifold with finitely gen-
erated fundamental group. IfM contains a geometrically infinite end E with
unbounded geometry, then there exists a smoothly embedded closed mini-
mal surface in E , and hence inM .
Proof: Recall that as M has finitely-generated fundamental group, it
has finitely many cusps. So, we can choose every end Ei cusp-free, i.e.
Ei ≃ Si × [0,∞).
Let E ≃ S × [0,∞) be an end of M with unbounded geometry. Then,
there exists a sequence of geodesics {αn} in E such that αn escapes to
infinity, and ‖αn‖ ց 0, i.e. arbitrarily short geodesics case.
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Let lM > 0 be the constant in Lemma 2.2. Fix a constant 0 < ρ0 <
lM
2
.
Let α be a geodesic in E with length(α) < lM , and let δα > 0 be the
corresponding constant in Lemma 2.2. Let A = {αi} be the set of short
geodesics with inj(T δi
3
(αi)) < ρ0 where inj(.) is the injectivity radius and
Tδ(α) is the solid torus, δ-neighborhood of α. Let E
′ = E −
⋃
AT δi
3
(αi).
Then, inj(E ′) ≥ ρ0.
Let C0 be the bounded diameter constant for E
′ in Lemma 2.8. Then, we
can find K > 3C0 and a pair of short geodesics α
+ and α− in A such that
α− ⊂ S × [2K, 3K] and α+ ⊂ S × [4K, 5K].
Let M ′ = S × [K, 6K] ∩ E ′. Since E is cusp-free, so is M ′. Therefore,
M ′ is a compact manifold with boundary. First, we modify the metric near
∂M ′ so that M ′ becomes mean convex. Then, we construct an area mini-
mizing surface Σ in M ′, and show that Σ is away from the regions where
we changed the metric near ∂M ′.
LetA′ be the geodesics inA, also belonging to S× [K, 6K]. Then,M ′ is
compact manifold with boundary, say ∂M ′ = S × {K, 6K}
⋃
A′ Zi where
Zi = ∂T δi
3
(αi) is a 2-torus. We call S × {K} = ∂
−M ′ and S × {6K} =
∂+M ′.
Now, let Yi = N δi
2
(αi) ∩M
′ be the collar neighborhood of the boundary
tori Zi in M
′, i.e. Yi = N δ
6
(Zi). Now, we modify the metric in these
collar neighborhoods Yi as in [CG, Lemma 1.18] so thatM
′ becomes mean
convex near Zi for any αi ∈ A
′. Now, fix small ǫ > 0, and again modify the
metric in S × [K,K + ǫ) and S × (6K − ǫ, 6K] so thatM ′ becomes mean
convex near ∂±M ′. Hence,M ′ is a compact mean convex manifold, and let
Mˆ be the manifoldM ′ with this new modified metric.
Now, let Z± = ∂T δ±
3
(α±), and let τ be a proper arc in Mˆ∩S× [2K, 5K]
connecting the boundary components Z+ and Z−. Fix t0 ∈ (3K, 4K), and
let S0 = S×{t0} be the level surface as above. Then, S0 is a closed surface
in the compact, mean convex manifold Mˆ . Notice that by construction
〈S0, τ〉 = 1, where 〈 , 〉 is the algebraic intersection number.
By construction, S0 is incompressible in Mˆ . Then, by Lemma 2.15,
there exists a least area representative Σ in the homotopy class of S0. Fur-
thermore, since 〈S0, τ〉 = 1 and Σ is in the homotopy class of S0, then
〈Σ, τ〉 = 1, too. This implies Σ ∩ τ 6= ∅. Therefore, by Bounded Diameter
Lemma (Lemma 2.8), Σ ⊂ S × [2K − C0, 5K + C0]. Hence, Σ is away
from ∂±M . Here, we abuse the notation by assuming the parametrization
S × [0,∞) reflects the distance, but by choosing K sufficiently large, this
will not constitute a problem.
Furthermore, Σ is away from the collar neighborhoods Yi for any i by
Lemma 2.2, as Σ is area minimizing, i.e. Σ∩ Tδi(αi) = ∅. Even though we
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modified the metric in Yi, the area comparison argument still applies here,
as the metric is still same in Margulis Tube Ti(αi) away from Yi.
This means Σ is away from all boundary components of Mˆ . Hence, Σ
is completely in the part of Mˆ where the hyperbolic metric has not been
modified. This implies Σ is a minimal surface in the original manifoldM .
Note that as Σ is area minimizing in Mˆ , it is a stable minimal surface inM .
The proof follows.
Remark 3.2. Note that in the proof above, we basically give a simplified
version of a shrinkwrapping technique described in Section 2.3. The same
result can be proved with similar arguments by using the Shrinkwrapping
Technology in [CG]. In particular, by applying [CG, Theorem 4.1] and
[CG, Remark 4.2] to E , S0 and {αn}, one can get a shrinkwrapping surface
Σ of S0. Then, by using Bounded Diameter Lemma, and Lemma 2.2 as
above, one can argue that Σ is a smooth minimal surface inM .
4. GEOMETRICALLY INFINITE MANIFOLDS WITH BOUNDED
GEOMETRY
In this section, we will deal with the remaining cases, and prove our main
result. In particular, if a complete, infinite volume hyperbolic 3-manifold
M has no end with unbounded geometry, then all ends of M are either
geometrically finite, or a geometrically infinite end with bounded geometry.
As geometrically finite ends also have bounded geometry, we combined the
remaining cases under one name, ”bounded geometry”. Of course, if the
manifoldM has cusps,M no longer has the bounded geometry property.
First, we will deal with a very important case. If M has more than one
cusp, then by using similar trapping argument in the proof of Theorem 3.1,
we obtain the following result.
Lemma 4.1. LetM be a complete hyperbolic 3-manifold with finitely gen-
erated fundamental group. IfM has more than one cusps, thenM contains
a smoothly embedded closed minimal surface.
Proof: Let {X1, X2, ..., XN} be the cusp regions of M where Xi ≃
T 2i × [0,∞). Let Ci be the constant in Lemma 2.1 for Xi. Let Yi = T
2
i ×
(2Ci,∞). Let M
′ = M −
⋃N
i=1 Yi. Furthermore, for some small ǫ > 0,
modify the metric in Wi = T
2
i × (2Ci − ǫ, 2Ci] so that M
′ becomes mean
convex. Since every end ofM has bounded geometry, inj(M ′) = ρ0 > 0.
Let K1 be the constant in the first bounded diameter lemma (Lemma 2.8).
Let K2 be the constant in the second bounded diameter lemma (Lemma
2.10). Let K0 = max{K1, K2}.
Let X1 and X2 be two cusps. Let τ be a proper curve in M
′ connect-
ing T 21 × {2C1} and T
2
2 × {2C2}. Let S0 be an embedded surface in M
′
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separating X1 and X2. By using Morse Theory, it is straightforward to get
such a surface. Now, for each end Ei ≃ Si × [0,∞), choose a surface
Ŝi = Si × {ci} with d(Ŝi, τ) > 2K0. Let M
′′ = M ′ −
⋃
i Si × (ci,∞).
Again, modify the metric in Si× (ci− ǫ, ci] inM
′′ so thatM ′′ is a compact
mean convex manifold. Then, by Lemma 2.14, there exists a least area sur-
face Σ in the homotopy class of S0. Furthermore, as 〈S0, τ〉 = 1, we have
〈Σ, τ〉 = 1. Hence, Σ is nonempty. Moreover, as Σ ∩ τ 6= ∅, by bounded
diameter lemma, d(Ŝi,Σ) > K0. Similarly, by Lemma 2.1, in the cusp re-
gions, Σ ∩ T 2i × (Ci, 2Ci] = ∅. This shows Σ is completely in the part of
M ′′ where the metric is not modified. This implies Σ is a minimal surface
in M . Since Σ is area minimizing in M ′′, it is a stable minimal surface in
M . The proof of Step 1 follows.
Before giving our main result, we need to define exceptional manifolds:
The following hyperbolic 3-manifolds are exceptional manifolds:
• Type I:M is a product manifold with bounded geometry, i.e. M ≃
S × R for some closed surface of genus ≥ 2.
• Type II: Every end ofM is geometrically infinite end with bounded
geometry, andM has exactly one cusp.
• Type III:M has exactly one end, and H2(M) is trivial.
Now, we can state our main result.
Theorem 4.2. LetM be a complete hyperbolic 3-manifold with finitely gen-
erated fundamental group. Further assume that M is not an exceptional
manifold as listed above. Then, there exists a smoothly embedded, closed
minimal surface Σ inM .
Proof: Let M − CM =
⋃N
i=1 Ei where CM is the compact core of M ,
and {Ei} are the ends of M . As there can only be finitely many cusps, we
assume Ei ≃ Si× [0,∞) where Si is a closed surface of genus ≥ 2 in ∂CM .
If one of the ends have unbounded geometry, then Theorem 3.1 gives a
minimal surface. If all ends are geometrically finite, and M is not Type
III exceptional manifold, then we have an area minimizing surface of the
nontrivial homology class in the convex core C(M) as explained in Section
2. Hence, in the remaining of the proof, we will assume that M has at
least one geometrically infinite end with bounded geometry, and there is no
geometrically infinite end with unbounded geometry.
First, by Lemma 4.1, ifM has more than one cusp, then we are done. So,
from now on, we will assume either M is cusp-free, or M has exactly one
cusp.
If M has a cusp X , we will modify the manifold M as follows. Let
X ≃ T 2 × [0,∞). Let C be the constant in Lemma 2.1 for X . Let Y =
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T 2 × (2C,∞). Let M ′ = M − Y . Furthermore, for some small ǫ > 0,
modify the metric in W = T 2 × (2C − ǫ, 2C] so that M ′ becomes mean
convex. Since every end ofM has bounded geometry, inj(M ′) = ρ0 > 0.
Let C1 be the constant in the first bounded diameter lemma forM
′ (Lemma
2.8). Let C2 be the constant in the second bounded diameter lemma forM
′
(Lemma 2.10). Let C0 = max{C1, C2}.
Now, for every end Ei, we will construct a special surface Σi in Ei. If
an end Ei is geometrically finite, we modify the compact core CM so that
Σi ⊂ ∂CM is a convex surface towards CM . If an end Ei is geometrically
infinite, then we will use the exiting sequence of geodesics {αin} in Ei to
define Σi.
Let E be a geometrically infinite end in M , and {αn} be an exiting se-
quence of geodesics in E . Parametrize E ≃ S × [0,∞) so that αn ⊂
S × (n− 1, n) for any n ∈ N. Further assume that d(αn, αn+1) > 2C0.
Let ∆m = {α1, α2, ..., αm}. Let Sn = S × {n}. By [CG, Remark 4.2],
for sufficiently largem0, Sm0 is 2-incompressible relative to∆m0 . Take the
shrinkwrapping surface Σ of Sm0 given by Lemma 2.3 (See Figure 3).
Notice that by bounded diameter lemma (Lemma 2.8) Σ can intersect at
most one geodesic in∆m0 as d(αn, αn+1) > 2C0 for any n. Hence, we have
three mutually exclusive cases:
(1) Σ ∩ αm0 6= ∅ (Σ is Concave),
(2) Σ ∩ αm0−1 6= ∅ (Σ is Convex),
(3) Σ ∩∆m = ∅.
If we are in case (3), then Σ is a smooth embedded minimal surface in
M , and we are done. So, we will omit this case.
We will call a shrinkwrapping surface Σ in the end E ”concave” if the
dihedral angle at the coincidence set is less than π. In particular, the com-
ponent of E − Σ near infinity is mean convex. From the point of view the
compact core CM , Σ would be a ”concave” surface. Similarly, we will call
a shrinkwrapping surface Σ in the end E ”convex” if the dihedral angle at
the coincidence set is greater than π. In particular, the component of E −Σ
containing the compact core CM is mean convex (See Figure 4).
If we are in case (1), we claim that Σ is a concave shrinkwrapping sur-
face. If we are in case (2), we claim that Σ is a convex shrinkwrapping
surface. In particular, we claim that the intersecting ”obstacle” geodesic
(αm0 or αm0−1) always stays in the convex side of Σ.
We will finish the proof of the theorem in 3 steps:
Step 1: Case (1) induces a Concave Shrinkwrapping Surface, and Case (2)
induces a Convex Shrinkwrapping Surface.
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CM
M
E1
E2
E3
S1
S2
S3
Σ1 Σ3
FIGURE 4. In the figure above, E1 has a convex shrinkwrapping
surface Σ1, and E3 has a concave shrinkwrapping surface Σ3. E2
is geometrically finite, and Σ2 = S2.
Proof of Step 1: Assume that Σ ∩ αm0 6= ∅ (Case 1). Recall that Σ is ob-
tained by shrinkwrapping the surface S ×m0 in the end E which separates
the geodesics αm0 and αm0−1. In particular, Σ is a limit of smooth embed-
ded surfaces Tn which are minimal except a small (rn ց 0) neighborhood
of geodesic collection ∆m0 . Let τ be a proper curve segment connecting
αm0 and αm0−1. Then, the algebraic intersection number 〈Sm0 , τ〉 = 1. By
construction, Tn and Σ is homotopic to Sm0 , then we have 〈Σ, τ〉 = 1 and
〈Tn, τ〉 = 1 for any n by Lemma 2.3. This implies Σ and Tn separates
αm0−1 and αm0 in E .
Now, let Nn(x) be the normal vector on Tn pointing towards infinity in
E . If Σ = limTn intersects αm0 , we claim that the geodesic αm0 stays in
the convex side of Σ. By Lemma 2.6, Σ has well-defined normal vector
everywhere except Σ− αm0 .
Let L = Σ ∩ αm0 be the coincidence set. Consider r-tubular neighbor-
hood Nr(L) of L in M for some small r > 0. Let T = Σ ∩ Nr(L). Let
T+ and T− be the components of T − L. Notice that L ⊂ T±. Let p be a
point in L. By using T+ and T−, we can define the normal vectors N±(p)
to T± at p, pointing towards to the component of E − T containing αm0
(the component containing infinity). By [CG, Lemma 1.27], T has a well-
defined tangent cone, and let α(p) is the angle between N+(p) and N−(p).
In particular, α(p) is the angle of the tangent cone of a great bigon in [CG,
Lemma 1.27].
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We claim that α(p) ≤ π for any p ∈ L. Assume that there exists a point
p0 ∈ L with α(p0) > π. Then there exists a small neighborhood I
′ of p0
in L such that for any point p′ ∈ I ′, α(p′) > π. Notice that for r > 0
small, T is a topological disk. Furthermore, T is minimal except along L.
Notice that Σ is least area surface satisfying shrinkwrapping properties by
Lemma 2.3 - Condition (4). This implies T is a least area disk with thin
obstacle L. In particular, there cannot be a smaller area disk with the same
boundary staying in the same side of αm0 . However, by construction of T ,
L is a folding curve for this ”least area” disk. We cannot push T to convex
side to decrease area along L in general because of the shrinkwrapping
condition. However, near I ′ ⊂ L, αm0 stays in the concave side of T , so we
can push T along the folding curve I ′ to the convex side without breaking
the shrinkwrapping condition. Then, by [MY], we can decrease the area of
T by pushing T along I ′ to the convex side, and by keeping the boundary
of T fixed. However, this contradicts to T being least area satisfying the
shrinkwrapping conditions. Hence, we conclude that α(p) ≤ π along L,
and hence Σ is a concave shrinkwrapping surface.
The similar idea works in Case 2 by changing the orientation of the nor-
mal vectors N±(p) towards to the compact core CM . Then, if there is an
interval I ′ ⊂ L where α(p) > π along I ′, we can push T to the other
side of αm0−1 and decrease the area. This gives a contradiction. Again, we
conclude that α(p) ≤ π along L, and hence Σ is a convex shrinkwrapping
surface. Step 1 follows. 
We repeat this process in every geometrically infinite end Ei, and obtain
a convex or concave shrinkwrapping surface Σi in Ei. Now, assuming the
trivial case never happens, we have a convex or concave shrinkwrapping
surface Σi in every end Ei of M . We separate the remaining part of the
proof into two steps: Every Σi is concave, or at least one Σi is convex.
Step 2: If M contains at least one geometrically finite end, or one of the
shrinkwrapping surfaces is convex, thenM contains a smoothly embedded
minimal surface.
Proof of Step 2: Let Ei0 be the geometrically finite end, or the geometrically
infinite end with convex shrinkwrapping surface. Our aim is to cut the man-
ifoldM from each end with surfaces Ŝi deep in Ei for i 6= i0, and from Σi0
in Ei0 so that we get a compact mean convex manifoldM
′ by modifying the
metric near boundary for i 6= i0. Then, using a nontrivial homology class ξ
inM ′, we want to obtain a smoothly embedded surface Σ in ξ inM ′. Then,
we will show that Σ is completely in the hyperbolic part ofM ′.
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Let CM be the compact core of M . If Ei0 is a geometrically finite end,
recall that we modified the compact core CM so that the component Ti0 of
∂CM corresponding to Ei0 is convex. In this case, let Ŝi0 = Ti0 .
Similarly, if Ei0 is a geometrically infinite end which contains a convex
shrinkwrapping surface Σi0 , then we take Ŝi0 = Σi0 . Also, we modify the
compact core CM so that Σi0 ⊂ ∂CM .
Now, for i 6= i0, in every end Ei ≃ Si × [0,∞), fix a level surface
Ŝi = Si × {ci} such that d(CM , Ŝi) > 2C0. For i = i0, let Ŝi0 = Ti0 .
Now, let Ui0 be the component of Ei0 − Ŝi0 containing infinity. LetM
′ =
M − (
⋃
i 6=i0
Si× (ci,∞)∪Ui0). For i 6= i0, change the metric in the tubular
neighborhood Nǫ(Ŝi) inM
′ so thatM ′ becomes mean convex. If there is a
cusp X , we cut the cusp deep, and modify the metric near boundary torus
as described above so that M ′ becomes a compact mean convex manifold.
Now, we finish the proof in the following 4 cases.
Case 1: M has more than 2 ends. Let ξ be the homology class of Si0 . IfM
has more than 2 ends, then ξ is nontrivial inH2(M
′). Then, by Lemma 2.14,
we have a least area surface Σ in the homotopy class of Si0 . Σ is nonempty
as the homology class ξ is nontrivial. Furthermore, as M has more than 2
ends, for any surface S ′ in the homotopy class of Si0 , we have S
′∩CM 6= ∅.
Hence, Σ ∩ CM 6= ∅.
As M ′ is mean-convex, Σ is smoothly embedded in M ′. Furthermore,
since Σ ∩ CM 6= ∅, then d(Σ, Ŝi) > C for any i 6= i0. Similarly, as Σ is
area minimizing, d(Σ, T 2j × {cj}) > 2ǫ by Lemma 2.1. This implies Σ is
completely in the part of M ′ where the metric is unmodified. This implies
Σ is a smoothly embedded minimal surface in the original manifold M .
Hence, IfM has more than 2 ends, we are done.
In the following cases, we will use a similar idea. All we need to make
sure that the homology class ξ of Si0 is not trivial, and the least area repre-
sentative Σ intersect the compact core CM .
Case 2: M has a cusp. If M has any cusps, then we can choose Ŝi deep
in Ei so that M
′ has the cusp. Again, in this case, the homology class ξ of
Si0 is nontrivial, and any least area representative Σ of ξ must intersect the
compact core CM . Then, as in the previous paragraph, we get a smoothly
embedded minimal surface Σ inM . Hence, ifM has a cusp, we are done.
Case 3: M is cusp-free with 2 ends. Now, assume that M is cusp-free,
and has exactly 2 ends. Then, the homology class ξ of Si0 is non-trivial
in H2(M
′). Again, let Σ be the least area representative of the homotopy
class of Si0 . Now, by assumption M is not Type I Exceptional Manifold,
i.e. M is not a product. Hence, Σ must intersect the compact core CM .
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Then, as above, we obtain a smoothly embedded minimal surface Σ in M .
Notice that the assumption thatM is not a product manifold is crucial here,
as otherwise Σ may not intersect CM , and we cannot make sure Σ is away
from ∂M ′ where we modify the metric.
Case 4: M is cusp-free with 1 end. Now, assume that M is cusp-free, and
has exactly 1 end. Then, by assumption of Step 2, Ei0 is the only end ofM .
SinceM is cusp-free, and Ŝi0 is already mean convex,M
′ is codimension-0
submanifold of M , i.e. M ′ is a compact hyperbolic manifold with bound-
ary. In other words, we do not need to modify the metric anywhere as M ′
is already compact and mean convex. Now, sinceM is not Type III Excep-
tional Manifold, then H2(M) is not trivial. Then, so is H2(M
′). Let ξ be
the nontrivial homology class ofM ′. Let Σ be the least area representative
of ξ in M ′. As M ′ is mean convex, Σ is away from ∂M ′. Hence, Σ is
a smoothly embedded stable minimal surface in the original manifold M .
The proof of Step 2 follows. 
Step 3: If every end Ei ofM contains a concave shrinkwrapping surface Σi
for 1 ≤ i ≤ N , thenM contains a smoothly embedded minimal surface.
Proof of Step 3: In this step, our aim is to use Lemma 2.11 to obtain a
smoothly embedded minimal surface inM . In particular, we want to get an
open bounded set Ω inM where Ω is a strictly mean concave manifold.
By assumption,M is not Type II Exceptional Manifold. Then, since we
are already done with more than one cusp case (Lemma 4.1), we will as-
sumeM is cusp-free. This impliesM has bounded geometry, i.e. inj(M) ≥
ρ0 for some ρ0 > 0.
Now, by assumption, every end Ei ofM contains a concave shrinkwrap-
ping surface Σi. In particular, they are minimal everywhere except some
curve segments. Along these curve segments, the dihedral angle is less than
π, i.e. convex towards the component containing infinity. Hence, when we
evolve Σi under the level set flow, by the main theorem (and Section 11)
of [Wh], Σi immediately becomes a smooth, strictly mean concave (normal
vector points to∞ side of Ei) surface Σ
′
i in the positive side (∞ side of Ei)
of Σi. We will take Σ
′
i as our smooth, strictly mean concave surfaces in the
end Ei for each i. Let Z =
⋃
iΣ
′
i.
Now, Z separates a bounded open domain Ω in M . Furthermore, Ω has
smooth strictly concave boundary Z. By assumption, M has bounded ge-
ometry. Hence, by Lemma 2.11,M contains a smoothly embedded unstable
minimal surface Σ with Σ ∩ Ω 6= ∅ [Mo]. Step 3 follows. .
This finishes the proof of the theorem. To recap, ifM has geometrically
finite end, and M is not a product, then Step 2 gives a minimal surface.
By Step 1, we have a convex or concave shrinkwrapping surface in every
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geometrically infinite end ofM . If all ends of M is geometrically infinite,
and one of them contains a convex shrinkwrapping surface, then again Step
2 finishes the proof. If all ends are geometrically infinite, and all of them
contains a concave shrinkwrapping surface, then Step 3 gives a smoothly
embedded minimal surface inM . The proof of the theorem follows.
Remark 4.3. Notice that the proof of the theorem above indeed covers some
of the cases in exceptional manifolds. We will study these cases in the next
section, and give a refined version of the main result in Corollary 6.1.
5. EXCEPTIONAL MANIFOLDS
In this section, we will focus on the exceptional manifolds, and see what
can be derived more about these cases by using the proof of the main result.
First, we recall the exceptional manifolds:
• Type I:M is a product manifold with bounded geometry.
• Type II: Every end ofM is geometrically infinite end with bounded
geometry, andM has exactly one cusp.
• Type III:M has exactly one end, and H2(M) is trivial.
5.1. Type I: Product Manifolds with Bounded Geometry.
Let M be hyperbolic 3-manifold which is a product, i.e. M ≃ S × R
for some closed surface of genus ≥ 2. Then, in the following cases, we
can deduce the existence of a smoothly embedded closed minimal surface
inM .
• M is geometrically finite: In this case, M has a compact convex
core C(M), and the area minimizing representative Σ of the homo-
topy class of S stays in C(M). As C(M) is convex, Σ is smoothly
embedded area minimizing surface inM .
• One end of M is geometrically finite, and other end contains a
convex shrinkwrapping surface (Theorem 4.2 - Step 1): In this case,
cut the manifold M from convex surface T+ in the geometrically
finite end E+, and from the convex shrinkwrapping surface Σ− in
E−. Then, we obtain a compact mean convex manifold M ′ ≃ S ×
[−1, 1]. Then, there is an area minimizing representative Σ of S
in M ′ by Lemma 2.13. Hence, Σ is a smoothly embedded stable
minimal surface inM .
• Both ends of M contains a convex shrinkwrapping surface: The
proof is same with the previous case by replacing T+ with Σ+.
• Both ends of M contains a concave shrinkwrapping surface: This
case follows from the proof of Theorem 4.2 - Step 3.
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This implies in the product type there is only one case that the existence
of smoothly embedded minimal surface in a product hyperbolic 3-manifold
is unknown:
⋄ Very Exceptional Product Manifold X1: X1 is a product manifold
such that one end E+ contains a convex shrinkwrapping surface (or geo-
metrically finite), and the other end E− contains concave shrinkwrapping
surface.
In particular, this case is quite delicate because of the following situation:
If M contains a mean convex foliation {Σt}, then there is no minimal sur-
face inM by maximum principle. It is not known such a product hyperbolic
manifold exist. So, to rule out this case, one needs to rule out the existence
of such a mean convex foliation.
5.2. Type II: Bounded Geometry Ends with One Cusp.
LetM be Type II Exceptional Manifold. Then, in the following cases, we
can deduce the existence of a smoothly embedded closed minimal surface
inM .
• One of the ends contains a convex shrinkwrapping surface: This
case follows from the proof of Theorem 4.2 - Step 2 - Case 2. In
particular, one can trap a minimal surface between the cusp and
convex shrinkwrapping surface.
Hence, the only remaining case in Type II Exceptional Manifolds where
the existence of smoothly embedded closed minimal surface is unknown is
the following:
⋄ Very Exceptional Type II Manifold X2: Every end of X2 contains a
concave shrinkwrapping surface, andM has exactly one cusp.
Note that we could not use Lemma 2.11 in this case because of the cusp.
See Remark 2.12 for further discussion on this case.
5.3. Type III: One End with trivial H2(M).
This case is quite interesting. First notice that trivialH2(M) implies that
such manifolds are cusp-free. Furthermore, in the trivial case M = H3,
we know that there is no smoothly embedded closed minimal surface in
M . The reason for this, the concentric r-spheres Sr = ∂Br(0) with mean
curvature coth r > 1 foliates H3. If Σ was a smoothly embedded minimal
surface inH3, then the largest r with Sr ∩ Σ 6= ∅ would give the first point
of touch, and give a contradiction with maximum principle.
Other interesting case in Type III Exceptional Manifolds is the Schottky
Manifolds. These are genus g ≥ 2 handlebodies with geometrically finite
ends. It might be possible to use a similar idea to prove the nonexistence
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of a minimal surface in these manifolds. In particular, if there is a mean
convex foliation {Σt} in M , then again by maximum principle there can
be no smoothly embedded closed surface in M . On the other hand, while
constructing a least area surface is not possible in this case, it might still
be possible to use some variation of min-max methods. However, as the
ends are geometrically finite in Schottky Manifolds, the current min-max
methods are not sufficient to obtain such a minimal surface.
6. FINAL REMARKS
6.1. Summary of the Results.
We have proved the existence of smoothly embedded closed minimal sur-
faces in the following complete, hyperbolic 3-manifolds M with finitely
generated fundamental group:
• M has a geometrically infinite end with unbounded geometry (The-
orem 3.1).
• M has more than one cusps (Lemma 4.1).
• M has bounded geometry with more than one end (Theorem 4.2).
Recall that finite volume, and closed hyperbolic manifold cases were al-
ready proved in [CHMR, HW2, Pi]. Hence, after refining our main result
(Theorem 4.2) with the discussion of the Exceptional Manifolds in Section
5, we can restate our main result with our terminology introduced in this
paper as follows:
Corollary 6.1. Let M be a complete hyperbolic 3-manifold with finitely
generated fundamental group. Further assume that M is not one of the
following manifolds:
• Very Exceptional Product Manifold X1
• Very Exceptional Type II Manifold X2
• Exceptional Type III Manifold
Then, there exists a smoothly embedded closed minimal surface Σ inM .
Hence, these 3 families are the only remaining complete hyperbolic 3-
manifolds, where the existence of smoothly embedded, closed minimal sur-
face is unknown.
6.2. Further Questions.
Question 6.2. If we remove ”closed” condition from the minimal surface,
which hyperbolic 3-manifolds admit an embedded minimal surface?
In this problem, we allow noncompact complete properly embedded min-
imal surfaces. In particular, the ends of the minimal surface lives in the ends
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of the ambient hyperbolic 3-manifold. For the convex cocompact (geomet-
rically finite and cusp-free) hyperbolic 3-manifolds, [AM] gives a positive
answer to this question in various cases.
Question 6.3. Other than trivial exampleM = H3, which complete hyper-
bolic 3-manifolds do not have any closed embedded minimal surface?
As mentioned above, Schottky manifolds are potential examples for the
nonexistence question. On the other hand, it might be possible that in the
very special families X1 and X2, the existence of minimal surfaces can be
proven by improving our methods (See Remark 2.12). Hence, we con-
jecture that there is no closed embedded minimal surface only in Type III
Exceptional Manifolds.
Question 6.4. Are there nonproperly embedded minimal surfaces in com-
plete hyperbolic 3-manifolds?
Related to Question 1 above, one can ask if there exists a nonproperly
embedded minimal surfaces in a complete hyperbolic 3-manifold. When
M = H3, we constructed such a nonproperly embedded minimal surface in
[Co3]. Here, the question is whether there exists such examples in hyper-
bolic 3-manifolds with nontrivial topology. This is known as Calabi-Yau
Conjecture in general [CM]. In particular, such an example would induce a
group invariant nonproperly embedded minimal surface inH3.
6.3. Further Remarks.
Remark 6.5 (Stability). Notice that all the minimal surfaces we constructed
are obtained by using area minimization with a trapping argument except
one case: Cusp-free hyperbolic 3-manifold with geometrically infinite ends
with bounded geometry where all ends contains a concave shrinkwrapping
surface (Theorem 4.2 - Step 3). In this case, we used a min-max method
[Mo]. Hence, this is the only case we get an unstable minimal surface. In
all other cases, the minimal surfaces we get are stable.
Remark 6.6 (Number of Minimal Surfaces). Notice that in Theorem 3.1,
we obtained a minimal surface in an end E with unbounded geometry by
trapping the surface between two short geodesics in the end. By iterating
this process, one can get any number of minimal surfaces in hyperbolic
3-manifolds containing a geometrically infinite end with unbounded geom-
etry. One can ask the same question for the other infinite volume hyperbolic
3-manifolds. For geometrically finite case, Huang-Wang obtained a simi-
lar result for quasi-Fuchsian manifolds [HW3]. While this question is very
popular for closed 3-manifolds in general [IMN], for non-compact mani-
folds, there is a few results so far.
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Remark 6.7 (Incompressibility). Unlike the many earlier existence results,
the closed embedded minimal surfaces constructed in this paper may not
be incompressible in the ambient hyperbolic 3-manifold M in general. In
particular, in several cases, we are trapping a minimal surface between two
short geodesics, two cusps, or one cusp and a convex surface. These give a
restricted homology class where we minimize the area. Hence, even though
some of the minimal surfaces are incompressible in some region Ω in M ,
they are not incompressible inM in general. Furthermore, in min-max case
(Theorem 4.2 - Step 3), we have no control on the incompressibility of the
minimal surface obtained.
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